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Abstract: We observe that the partition function of the set of all free massless higher 
spins s = 0,1,2,3,... in flat space is equal to one: the ghost determinants cancel against 
the "physical" ones or, equivalently, the (regularized) total number of degrees of freedom 
vanishes. This reflects large underlying gauge symmetry and suggests analogy with su¬ 
persymmetric or topological theory. The 7, = \ property extends also to the AdS back¬ 
ground, i.e. the 1-loop vacuum partition function of Vasiliev theory is equal to 1 (assuming 
a particular regularization of the sum over spins); this was noticed earlier as a consistency 
requirement for the vectorial AdS/CFT duality. We find that Z = 1 is true also in the 
conformal higher spin theory (with higher-derivative 9^® kinetic terms) expanded near 
flat or conformally flat background. We also consider the partition function of free 
conformal theory of symmetric traceless rank s tensor field which has 2-derivative kinetic 
term but only scalar gauge invariance in flat 4d space. This non-unitary theory has Weyl- 
invariant action in curved background and it corresponds to "partially massless" field in 
AdSs- We discuss in detail the special case of s = 2 (or "conformal graviton"), compute the 
corresponding conformal anomaly coefficients and compare them with previously found 
expressions for generic representations of conformal group in 4 dimensions. 
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1 Introduction 


Higher spin theories containing infinite number of fields [1,2] may have novel unexpected 
properties at the quantum level related to the fact that one is required to sum an infinite 
number of individual field contributions. This summation requires a particular regular¬ 
ization prescription that should be consistent with underlying symmetries of the theory 
Some examples were discussed in [3, 4] and especially in [5-11] which we will elaborate 
on. 

Our aim will be to study free partition functions in flat and conformally flat back¬ 
grounds for infinite families of higher spin fields. In addition to the Fronsdal massless 
higher spin (MHS) fields with standard 2-derivative kinetic terms we will consider higher 
derivative conformal higher spin (CHS) fields [12] and also conformal symmetric tensor 
(CST) fields with 2-derivative Weyl-invariant actions [13]. 

We shall start in section 2.1 with a simple but remarkable observation that the flat- 
space partition function of the free MHS theory containing each s = 0,1/2,... spin once 
is trivial, or, equivalently, its regularized total number of dynamical degrees of freedom 
vanishes. This reflects the presence of a large gauge symmetry, with the contribution of 
the determinant of spin s kinetic operator cancelling against that of the ghost determinant 
for the spin s -|- 1 field. This one-loop Z = 1 property generalizes to the AdS^ vacuum 
background of Vasiliev theory provided one uses a special regularization prescription 
[6,8]. In particular, we will find that for even dimension d there are special mass sum rules 
implying the cancellation of not only logarithmic [6, 8] but also power UV divergences. 

In section 2.2 we will show that the Z = 1 property holds also in the CHS theory 
on flat background: here the determinants do not cancel automatically but the regular¬ 
ized number of dynamical degrees of freedom still vanishes. As was found in [5, 7, 8], 
the regularized sums over s of the conformal anomaly as and Cs coefficients of the CHS 
theory vanish, implying its one-loop UV finiteness 4 dimensions and suggesting that its 
total one-loop partition function on a conformally-flat background should be trivial. We 
shall consider the case of the CHS theory on where for each spin s its partition function 
should be given by the ratio (2.30) of MHS partition functions with alternative boundary 
conditions [5, 7, 11]. This relation will be verified in Appendix A following the dimen¬ 
sional regularization approach used in the spin 0 case in [14]. Summing over all spins 
implies then that [ZMHs(7ldS5)]tot = 1 is directly related to [ZcHs(S^)]tot = 1- 

In section 3 we shall study 2-derivative Weyl-invariant "higher spin" actions for sym¬ 
metric traceless rank s fields in 4 dimensions that have only scalar gauge invariance in 
conformally-flat background. This CST theory is non-unitary (though for a different rea¬ 
son than CHS one) and may be viewed as a "maximal depth" r = s representative of a 
family of conformal higher spin fields with rank s — r tensor gauge invariance [15, 16] 
(with CHS case being "minimal depth" case r = 1). In flat d = A space the number of 
dynamical degrees of freedom of rank s CST field happens to be the same s(s -|- 1) as of 
a CHS spin s field and thus the total regularized Z^sx is again equal to 1. The associated 
SO(2,4) conformal group representation is (3; |, |) that corresponds to "maximal-depth" 
partially massless [16] spin s field in AdS^. We will consider the CST fields defined on a 


- 2 - 


curved 4d background and compute the corresponding partition function and conformal 
anomaly as and Cs coefficients comparing them with the general expressions for represen¬ 
tation (A; |) field given in [11]. Some details about scalar gauge invariance in curved 

space and CST partition functions on x and will be presented in Appendices B,C 
and D. 


2 Summing over spins 


2.1 Massless higher spins 

2.1.1 Flat space 

Let us consider the standard 2-derivative free massless higher spin (MHS) field in flat 
d-dimensional space. The corresponding partition function can be written as 


ZmHS,s 


rdet As_i_l1 

in 

r (detAs_i)^ i 

1 det As ^ 


-det As det As- 2 - 


( 2 . 1 ) 


where As is flat Laplacian —d^ defined on symmetric rank s traceless tensors, and Agj^ 
is its restriction to transverse fields. We shall assume that det A/^ with k < 0 is replaced 
by 1, i.e. Zmhs.o = (det Ao)“^^^. Let us consider a theory where each massless field with 
s = 0,1,2,... appears just once. This is field content of Vasiliev theory linearized near AdS^ 
vacuum which is dual to a large N free complex scalar theory in d = d — 1 dimensions. 
While the expansion of interacting Vasiliev theory near flat space is singular, we may 
formally view the free MHS partition function in flat space as a formal zero curvature 
limit of its one-loop counterpart in AdS^- Then one finds that the total partition function 
is trivial: 


CO 

(ZMHs)tot = P^ZmhS,s 
s=0 


r 1 

1/2 

■ detAo 

1/2 

det Aj^ 

1/2 

det A 2 ^' 

-det Aq- 


-det Ai^. 


-det A 2 ^- 


IdetAgj^J 


( 2 . 2 ) 

This remarkable property reminds of a supersymmetric theory where the bosonic contri¬ 
bution to the vacuum partition function is cancelled against the fermionic one (implying 
the vanishing of the vacuum energy). Here the cancellation is between the contribution of 
the physical spin s field determinant and the ghost determinant for spin s -|- 1 field, i.e. it 
reflects a large gauge symmetry of the theory. ^ 

The cancellation of an infinite number of factors in (2.2) is formal (cf. l-l+l-l+...=0) 
as it depends on how one groups terms together: in general, an infinite product requires 
a regularization and depends on its choice. The choice of regularization should be consis¬ 
tent with an underlying symmetry of the theory (in the present case - higher spin gauge 
symmetry). Let us first consider the case of d = 4. Observing that each spin s > 0 field 
has 2 dynamical degrees of freedom (cf. (2.1)) 


Zmhs,s = {ZoYa 


Zo = 


- 1 
-det A 



Vs = (s + iY + (s-1Y-2s^ = 2, (2.3) 


^This also suggests an analogy with a topological theory. Similar examples are an antisymmetric tensor 
potential of rank d in d + 1 dimensions, Chern-Simons theory and 3d gravity. 
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we get 

00 00 

Ztot = (Zor“‘ , Vtot = l + E^s = 1+2^1 =0' (2.4) 

S = 1 S = 1 

where we used the standard Riemann zeta-function as a regularization of the sum over 
1 = ^r(O) = “ 5 - Remarkably, in d = 4 the use of the simple zeta-function 
regularization is thus equivalent to the formal cancellation of factors in (2.2).^ Note that 
this flat-space property (Z]v[Hs)tot = 1 is non-trivial, i.e. it holds for a flat torus, implying, 
in particular, the vanishing of vacuum energy or finite temperature partition function on 
X R^. The partition function may be non-trivial if one considers an orbifold of flat 
space. 

For a massless spin s field in d flat dimensions we get 


detAs = (detAo)^% detA^s = (detAo)^'^ , 
Ns = ' Ni- =Ns- N,_i, i/s = 


(2.5) 


2[s + 5(d - 4)] 


(s+d-5)! 

s!(d-4)! 


Then Ztot = 
ization: 


1 or Vtot = 0 is true, e.g., for general even d if one uses the following regular- 


Vtot — 1 + y~', 


Vs e 


-e[s+i(d-4)] 


s=l 


fin. 


= 0 . 


( 2 . 6 ) 


Tiere one performs the sum for fixed e, then takes e —> 0 and finally drops all singular ^ 
terms (in d = 4 this is equivalent to the standard zeta-function prescription).^ 


2.1.2 Ricci-flat space 

One may wonder if the (ZMHs)tot = 1 property may generalize to curved spaces, e.g., 
Ricci-flat ones. As is well known, massless higher spin theories are not consistent in R^y = 
0 background (do not have flat-space gauge symmetries surviving) for s > 2. However, 
one may formally assume that there exists a consistent theory of all higher spin fields 
where proper gauge symmetry is present off-shell at interacting level. Vasiliev theory does 
not have R^v = 0 as a classical vacuum solution since the limit of vanishing cosmological 
constant appears to be singular in the interaction terms, but one may consider formally 
expanding the (hopefully existing) action of Vasiliev theory near an off-shell R^y = 0 
background and computing the resulting one-loop partition function. If R^y = 0 is not a 
classical solution this partition function will be gauge-dependent, but otherwise it may be 
well-defined and of interest being a direct generalization of the flat-space one (2.1),(2.2). A 

^This is also reminiscent of the use of the zeta-function regularization in computing vacuum energy in 
bosonic string theory, where the use of ^k(— 1) = leads to the value of the tachyon mass ensuring that 
the vector particle appearing on the first excited level is massless in D = 26, in agreement with symmetries 
of the critical string theory. 

^ An alternative regularization that gives vanishing result in any d is to introduce a cutoff function /(s, e) 
(with /(s, 0) = 1) for each Ax,s factor in (2.1) separately thus getting 

i^tot = 1 + E [/(®' - /(s - h e) = 0 . 

This prescription is the direct analog of the cancellation of the determinant factors in (2.2). 
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natural spin s counterpart of spin 2 Lichnerowicz operator on Ricci flat background may 
be chosen as in [17] ^ 

Als = -V^ + X,, (X, = -s(s - 1) (2.7) 


Then one may formally consider the following generalization of the well-known spin s = 
1 ,2 partition functions on Ricci-flat background to any spin s [7] 


ZmHS,s 


(detALs-i)^ 


-det Als det a 


^Ls-2-l 


( 2 . 8 ) 


Taking the product of (2.8) over s we again get that (ZMHs)tot = 1 as in the flat space case 

( 2 . 2 ): 


00 

(ZMHs)tot = P^ZmhS,s (2.9) 

s=0 


r 1 

1/2 

r(detALo)^l 

1/2 

r (detALi)^ 

1/2 

r (detAL 2 )^ 1 

LdetALoJ 


L detALi 


Ldet AL 2 det AlqJ 


Ldet Al 3 det AlJ 


Here the cancellation follows from the fact that each spin s operator appears exactly twice 
in both the numerator and the denominator. 


2.1.3 Conformally-flat case: AdS^ 

The Ztot = 1 property is expected to hold also in the proper vacuum of the Vasiliev theory 
- AdSd space, and should be true to all orders in the coupling expansion. As was pointed 
out in [6,8], this is the requirement of consistency of the vectorial AdS/CFT: the boundary 
theory of free U{N) scalar has log of its partition function scaling as N which should 
match the classical action of the Vasiliev theory in AdS^, while the 1-loop (and all higher- 
loop) corrections to In Ztot of MHS theory should vanish (in a proper regularization). To 
demonstrate this even at the one-loop order (free MHS theory in AdS^ background) is, 
however, much less trivial than in the flat space background considered above. Let us 
introduce the operator {k — 0,1, ....,s — 1) 

^ -V? + Ml,cr, Ml, = s - (k - l)(/c + d - 2), (2.10) 

where u = = ±1 for unit-radius or euclidean space (tr = 0 in flat space). 

Let us then define the partition function of a "partially-massless" [20] spin s field (with 
gauge invariance with rank k tensor parameter) [7] 


Zs,k = 


r det A, 




)il/2 


det A, 




)J 


( 2 . 11 ) 


^This is of course a strong assumption (motivated just by simplicity) as a generalization of the Lich- 
nerowitz operator coming out of a consistent higher spin theory formally expanded near a Ricci-flat back¬ 
ground may contain also higher derivative terms with higher powers of the curvature tensor, cf. [18,19]. 
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Then for the massless spin s field (having maximal gauge invariance with rank k = s — 1 
parameter) on a homogeneous conformally flat space we get the following counterpart of 
(2.1) (see [21,4,7,22]) 


-MHS,s 


— ^s,s—l — 


detAs_i^(M2 )ii/2 


L detAs_|_(M; 

(det A 




S —1 




1 1/2 


Ldet As(M 2 ^_^) det As- 2 (MI 


s+2,s+l> 


( 2 . 12 ) 


where s > 0 and for s = 0 we have Zmhs,o = [det(—+ Mq)] Mq = Mq _^(7 = 
2(d-3)m 

Taking the product of (2.12) over s we conclude that there is no straightforward can¬ 
cellations of determinant factors that happened in flat space in (2.2) or in (2.9): the same- 
spin operators that appear in the numerator and denominator of Il^o ^mhs,s are different 
for non-zero curvature, i.e. cr 7 ^ 0: they have different mass-like terms in (2.10). For 
example, in d = 4 case we get 


(ZMHs)tot — 


r 1 

1/2 

‘ detAo(O) ■ 

1/2 

rdetAi^(-3)i 

1/2 

det A 2 ^(— 8 ) ■ 

Uet Ao(2)J 


UetAi^(3)J 


L detA 2 ±( 2 ) 


UetA 3 ^(-l)J 


(2.13) 

Using spectral zeta-function regularization one has, in a homogeneous space background. 


In det A, = -a,(0) ln(Laf - Ca^O) . = U(z) Ua . (2.14) 


Here L is UV cutoff, a is the curvature radius and Va is the volume. In a non-compact 
space like AdSa where the volume is formally divergent this relation requires an IR regu¬ 
larization (see, e.g., [14] and refs, there). Dropping power IR divergences, regularized Va 
is then finite for even d and log divergent for odd d (R is an IR cutoff) 


i^d=even ^1 / i^d=odd /C 2 In R -|- /C 3 . 


(2.15) 


As was shown in [ 8 ] using the explicit form of higher spin heat kernel for AdS^ [23], 
keeping the argument z of spectral ^-function non-zero, summing over spins and then 
taking z —/ 0 one finds that = 0{z^), i.e. that C^tot(O) = 0, Thus for any 

AdSa with d > 3 one has^ 

00 

(ZMHs)tot = n^MRS^s = 1 ■ (2.16) 

s=0 

The same conclusion should be true also in dimensional regularization used in [14] (see 
also Appendix A) where Va = ^^r( —^^) contains a pole for odd d —/ d — e (i.e. 
2 ~ InR). Here the product ^aA^) Ta in (2.14) has also a non-trivial finite part whose s- 
dependent coefficient need not be the same as the coefficient of the 2 pole part. However, 
since Ceff s(^) “ ^ property was shown in [ 8 ] to be true for any d, the multiplication by 
s-independent factor sj=hould not change this conclusion. 

®For odd d there are no UV divergences, i.e. one automatically has (0) = 0, but one is still to show that 
the finite part vanishes too, i.e. Ctot(O) = 
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In general, if one uses dimensional (e.g. proper-time) UV cutoff L, then In det As in 
(2.14) will contain also power divergences. The coefficients of such terms in d di¬ 

mensions are controlled by the Seeley coefficients or (0) functions in d' = d — 2n di¬ 
mensions. Since the sum over s of the corresponding combination of ^(0) vanishes in any 
d > 2 [8], this suggests that all power divergences should thus be absent too, demon¬ 
strating Ztot = 1 in the proper-time cutoff regularization. This cancellation of power 
divergences is again analogous to what happens in supersymmetric theories. 

For example, in d = 4 there will be divergence with the coefficient of the total 
number of degrees of freedom (which vanishes according to (2.4),(2.6))and also diver¬ 
gence proportional to tr(gR — M^) for an operator — (here R = 12aa^^ is the 

scalar curvature of the background metric). The coefficient of the R-term is again the total 
number of degrees of freedom, while the contribution of the terms is found to be (we 
suppress the overall sign factor a) 

00 00 
2 + = 2 + 4 X](l + 2s2) = 0 , (2.17) 

S = 1 S = 1 


where in the last step we used the standard zeta-function regularization equivalent to 
cutoff. In any even d one finds the same vanishing result using the regularization factor 
f{s,e) = exp[—6(s -|- ^f^)] as in [8]. 

Explicitly, higher Seeley coefficients for an operator — on a constant curva¬ 

ture space are given by '}2k,n tr(R^M^”) and thus are expressed in terms of terms propor¬ 
tional to tr(M^”). Eq. (2.17) is interpreted as trM^ = 0; one can show also the validity of 
its higher power analogs or mass sum rules tr(M^”) = 0, where 


= [2(d-3)]" + 

S = 1 


-€ (s+^) 


Ns + M; 


2n 

s+2,s+l -‘''s 






(2.18) 


Here the first term is the contribution from the spin 0 field. ^ 

It is natural to conjecture that the Ztot = 1 property (2.16) should be true not only 
for the 1-loop partition function, but also for the exact AdS^ vacuum partition function of 
the Vasiliev theory (i.e. at any quantum loop order in the 1/N coupling expansion). As 
already mentioned, this the requirement of the vectorial AdS/CFT duality: the logarithm 
of the partition function of the dual free LI (N) scalar theory has only the order N term (that 
should match the vacuum value of the classical action of the Vasiliev theory). This further 
strengthens the analogy with a supersymmetric or topological quantum field theory. 

Finally, let us note that the property (2.16) need not apply to quotients of the AdS^ 
space - for example, the MHS partition function on thermal quotient of is non-trivial 
(see [9] and refs, there). 


^For example, for d = 4, trjM^) =4-2 E” i (s^ - 4)(5s2 + l) = -^ + p + |+ 0{e), trjM^) = 
8 -F 2 1 (2s'5 - 238^ + 67 -F 8) = ^ -F ^ -F ^ -F 0(e). In d = 4 the exponential regular¬ 

ization is equivalent to the use of the Riemann zeta function prescription with 2n) = 0, ^r{0) = “I- 
For general n the summand can be written as h{s) + h[—s), where h{s) = Ns — ^ Ns_i, h{—s) = 

^s +2 s +1 Vs -2 “ ^s -1 s Rs -1 • Then the only non-vanishing contribution in the sum over s is coming from the 
term, giving 2/(0) C^r(O) = —2”, and this cancels against the first term in (2.18). 
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2.2 Conformal higher spins 
2.2.1 Flat space 

Let us now consider the free partition function for conformal higher spin (CHS) theory 
[12, 7]. The flat space action for a free CHS field in d dimensions is f d‘^x (psPsd^^^‘^^‘^(ps, 
where Ps is projector to transverse traceless totally symmetric rank s field. Here s = 0 is 
a non-dynamical scalar, s = 1 is the Maxwell vector, s = 2 is the Weyl graviton, etc. The 
corresponding partition function in d = 4 is [7] 


ZcHS,s 


r(det As-i)®+^i 

’"-fi 

rdetA;t±l 

1/2 

1- (detAs)® 

1 i 

k^O 

Ldet As_lJ 

/ 


(2.19) 


where as in (2.1) the operator Aj = —d^ is defined on symmetric traceless tensors. 

CHS fields having dimension 2 — s are sources or "shadow fields" for spin s conserved 
bilinear currents Js((p) built out of a free U(N) scalar field; they are also boundary values 
for the corresponding dual MHS theory in An interacting CHS theory may be 

defined as an induced one [24-26], obtained by integrating out cp in the path integral 
defined by the action f d‘^x[d(p*d(p + Es/s(^)<ps]- The resulting interacting CHS theory 
contains all fields with spins s = 0,1,2,.... The corresponding free partition function in 
flat background is given by 


OO 

(ZcHs)tot = n ^CHS,s 

S = 1 


det Aq 

1/2 

‘ (det Ai)^' 

1/2 

■ (det A 2 )'^' 

-det Ai- 


. (det A 2 )^- 


l(det As)^! 


( 2 . 20 ) 


Formally cancelling similar factors in the numerator and the denominator of (2.20) leads, 
in contrast to (2.2), to a non-trivial result 

OO 

(ZcHs)tot ^ (ZcHs)tot = rr^et As . (2.21) 

s=0 

This rearrangement of an infinite product in (2.20) effectively corresponds to its particular 
regularization. 

Alternatively, we may use that each Zchs,s factor (2.19) may be written as in (2.3), i.e. 
as (Zq)’^® = [det where here Vg = s(s + 1) is the number of dynamical degrees of 

freedom of a CHS field in d = 4. Then 

OO OO 

(ZcHs)tot = n(2or = (Zo)"‘"H Vtot=E^^' Vs = s(s + 1). (2.22) 

s=0 s=0 

The total number of CHS degrees of freedom vanishes if one uses the regularization sug¬ 
gested by the relation to the MHS theory in with d = d -|- 1 (in which also the 

total conformal anomaly vanishes [5, 7, 8]). Indeed, doing the sum in (2.22) with the 
exp[—e(s -|- cutoff as in (2.6) we get in the d = 4 case 


Hot = ^s(s-6l) e 


-e(s+5; 


s=0 


fin. 


= 0 


i.e. 


(ZcHs)tot = 1, (2.23) 
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as in the MHS case in (2.2),(2.6). This conclusion generalises to the case of the CHS theory 
in d even dimensions where the partition function is [7] 


ZcHS,s = ( 


^ detA 


)' n 


k± 


1/2 


= (ZoT 


V, = 


LMetAs_L^ detAs^j 

{d - 3) (2s + d - 4) (2s + d - 2) (s + d - 4)! 


(2.24) 


(2.25) 


Then Vtot = LT=o H e 


2(d-2)!s! 

-e(s+^y) _ Q (ZcHs)tot = 1- Notice that here d is the 

fin. 

dimension of the boundary where CHS theory is defined; the related MHS theory defined 
in d = d + 1 has equivalent regularization used, e.g., in (2.6). This regularization should 
be the one that is consistent with the symmetries of the CHS theory. 

At the same time, if we start with the rearranged product (2.21) that can be written as 


(ZcHs)tot = (^o) 


-2Ni„ 


N, 


tot =ENs, 
s=0 


Ns — (s + 1)^ 


(2.26) 


we find that Ntot = g same regularization as in (2.23).^ This illustrates 

an ambiguity associated with formal rearrangements of an infinite product: the result 
depends on a regularization. 


2.2.2 Ricci-flat space 


In contrast to the 2-derivative massless higher spin theory the CHS theory is expected to 
admit a Ricci-flat (or, more generally, Bach) background as its classical solution and each 
CHS field should have proper gauge invariance in such background. Thus the free CHS 
partition function in Rmn = 0 should be well-defined (gauge-independent). If one makes 
a bold conjecture (known to be true for s = 1, 2)® that the 2s derivative covariant CHS 
operator can be factorized into a product of standard 2-derivative spin s Lichnerowicz 
operators (2.7) [7]: 


ZcHS,s = 


(detALs-i)^+^lN2 


(2.27) 


(det Als)® 

The same rearrangement of the infinite product as in (2.20) then gives the following Ricci- 
flat space generalization of (2.21) 


OO 

(ZcHs)tot = nZcHS,s ^ (ZcHs)tot = 

S = 1 


J^detALs . 


s=0 


(2.28) 


From (2.27) one finds, in particular, the following expression for the = c — a con¬ 
formal anomaly coefficient (coefficient of the R*R* term in trace anomaly on Ricci-flat 
background) [7]: 


Cs - as = ^Vs (4 - 45vs -6 ISv ^), Vs = s(s -|-1) . (2.29) 


Then (cs — as) =0 in the same regularization [8] as in (2.23), 

2 Ntot does vanish in a different regularization: with the cutoff factor being . 

®This conjecture is likely to be wrong for s = 3 [27] unless the background curvature tensor is subject to 
further constraints, but may be true as far as one is allowed to ignore terms with covariant derivatives of the 
curvature (which, for example, do not contribute to nontrivial part of the conformal anomaly in d = 4). 
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2.2.3 Conformally-flat space: 

As was shown in [5, 7, 8], the sum of the conformal anomaly as-coefficients over all s 
vanishes (this is true, in particular, in the same regularization as used in (2.23)). One 
might then expect that the total partition function of the CHS theory on a conformally-flat 
space should be simply related to the one in flat space. For example , Ztot(S^) with the 
product over s computed with the regularization in (2.23) may again be equal to 1. 

This would be consistent with the relation between the spin s MHS partition function 
in AdSs and the corresponding CHS partition function on [5, 7,11] (see also [28, 29]) 


ZcHS,s(S^) 




(2.30) 


Here ^ is the massless higher spin partition function with the standard (Dirichlet) 
b.c. (as assumed in (2.12)) while Zj^p^g^ is its alternative (Neumann) b.c. counterpart. 
The relation (2.30) should be true for any s = 0,1,2,... and should thus also apply also 
to the total products over s. The computation of the spectral zeta-function in [8] (in 
which the infinite AdSs volume was assumed to factorize uniformly) implies (2.16), i.e. 

= 1 and also (Zjyjj^g(AdS5))tot = 1-^ Equivalently, these properties hold 
in the same regularization of the sum over spins as used in (2.23). Assuming the validity 
of (2.30) one should then expect to find that in this summation prescription 


(ZcHs)tot(S'^) = rTZcHS,s(S^) = 1 


S — 1 


(2.31) 


The verification of (2.30) by directly computing the determinants appearing on the both 
sides of the equality turns out to be non-trivial. The expression for Zchs,s(S^) depends 
on a choice of UV regularization, while Z^j^gg(AdS 5 ) depends on a choice of IR regular¬ 
ization, and these regularizations should be properly coordinated for (2.30) to hold. The 
question of how to do this was previously addressed only in the spin 0 analog of the re¬ 
lation (2.30) in [14, 30] where Zchs,s is replaced by the partition function of the order 2r 
GJMS operator [31] and Zmhs,s - by the AdSs partition function of the massive scalar with 
= A(A — 4) = — 4. We shall discuss this case in detail Appendix A.l below. For 

s > 0 the relation (2.30) was verified for the leading singular (logarithmically divergent) 
parts only: the spin-dependent coefficient [5] of the IR divergent InR term (cf. (2.15)) in 

In indeed matches the (conformal anomaly as) coefficient [7] of the UV diver- 

gent In A term in In Zchs,s (S"^) 

If one uses an IR regularization in AdS^ in which the volume universally factorizes as 
in (2.14) then the coefficients of the InR and finite parts in the MHS side of (2.30) appear 
to have the same spin dependence. This is certainly not so a priori for the coefficients 

®The condition ^mhs(O) = 0 is automatic in the AdS^ case, while C^MHg(O) = 0 is valid for both choices of 
the boundary conditions. 

^'^Here A stands for UV cufoff in the d = i CHS theory where determinants have similar expression as in 
(2.14). 
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of the UV divergent and finite parts on the CHS side of (2.30).^^ As was pointed out in 
the s = 0 case in [14], to be able to systematically match the finite parts of the partition 
functions on S'^ and AdS^^i one may use dimensional regularization, i.e. d —>• d — e. 
Then for even d the regularized volume 7r2r( —1) will have ^ pole term that may 

hit an order e term in in (2.14) to produce a non-trivial finite contribution that may 
match the finite term present in the S‘^ partition function. Generalizing the dimensional 
regularization approach of [14] to spin s > 0 case on AdSs side, in Appendix A.2 we shall 
demonstrate the matching of the most non-trivial transcendental finite parts of the CHS 
and MHS sides of (2.30). We shall then provide a check of the validity of the (ZcHs)tot = 1 
property (2.31) in this regularization consistent with (2.30) using the same summation 
over spins prescription as in (2.23). 

Explicitly, the CHS partition function on is given by the following generalization 
of (2.19) (cf. (2.10),(2.11),(2.12)) [7] 


ZchsAS^) = nzs,k, 

k=0 


Zs,k = 


pdetA;t±(M^J]i/2 


detAs^(M2^)J 


M; 


s,k 


rf=4 


= s-{k-l){k + 2). (2.32) 


For the corresponding conformal anomaly a-coefficient one finds 

as = ^Vs(3Vs+ 14 v 2) , Vs = s(s + 1), (2.33) 

and then as = 0 in the same regularization as in (2.23).^^ Using the known spectra of 
the second-order Laplace operators on one may also compute explicitly the finite part 
of the determinants in (2.32)^^ and match the CHS expression with the MHS one in (2.30) 
(see Appendix A.2). 

An analog of (2.31) may be expected to be true for any conformally-flat space, e.g., for 
R X (indeed, the vanishing of the CHS Casimir energy on was demonstrated in [10]). 
At the same time, this need not apply to orbifolds of conformally-flat space: for example, 
the finite temperature CHS partition function on x is non-trivial [10] (and is equal to 
the ratio (2.30) of the non-trivial MHS partition functions on thermal quotient of AdS^)}^ 


^^One may of course formally absorb the finite part into a redefinition of UV cutoff A —> A but that will 
make A spin-dependent, precluding its identification with R on the AdS^ side and also complicating the issue 
of summation over s. 

^^Together with the vanishing of the sum of Cs — as in (2.29) this implies the one-loop UV finiteness of fhe 
CHS theory on a curved 4d background. 

^^We shall ignore the (rational) contribution of the multiplicative anomaly, i.e. the ratio of det(Oi...On) to 
detOj... detO„ [32]. The role of fhis anomaly in CHS theory is unclear: it does not appear in the formulation 
based on introducing auxiliary fields to write the CHS action in terms of second derivative operators only 
[33]. It is possible that ignoring this anomaly is required for consistency with the ratio of the MHS partition 
functions in (2.30). 

^^While Sjj X is locally conformally flat (the Weyl tensor vanishes) this is not true globally: the periodicity 
of coordinate is important. Indeed, to show that R x is conformal to flat space one uses that dx^ + dS^ = 
y^^{d'\f- + y^dS^) = y^^ dy„dyn. If x is an angle variable we cannot set it equal to Iny globally. 
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3 2-derivative conformal symmetric tensor theory 

Let us now consider another family of "higher-spin" (symmetric traceless tensor) actions 
[13] in 4 dimensions which, like the CHS ones are covariant under Weyl rescaling of the 
background metric but like the MHS ones (which are not conformal for s > 1) are only 
second order in derivatives. We shall refer to this theory as "conformal symmetric tensor" 
(CST) theory. 

These CST fields are non-unitary lacking full higher spin gauge invariance: even in 
(conformally) flat space limit they have only scalar gauge invariance. In fact, they can 
be interpreted as "maximal depth" (minimal gauge invariance) representatives of a family 
of conformal fields (called "FT fields" in [16]) containing CHS fields as maximal gauge 
invariance members. Like CHS fields are associated with massless fields in AdSs, CST 
fields in 4d correspond to "maximal depth" partially massless fields in AdS^ [16].^^ 

Below we shall first introduce the corresponding bilinear action in curved background, 
then discuss in detail the spin 2 case, and finally consider the partition function for the 
general spin s case. 

3.1 Classical Lagrangian 

Given a rank s totally symmetric traceless tensor cps there are several options to construct 
an action invariant under Weyl rescalings of the metric combined with a rescaling of the 
field cps- If the action contains 2n derivatives, i.e. starts with 

I d'^x y/g (ps{y^V(ps +-, n = l,2,...., (3.1) 

then one should require the invariance under (Q = n(x)) 

g^w = guv r (p^^,..^^ , 7 = s + n - id . (3.2) 

As discussed in [16], one may consider a generalize triple of families of fields (here d = 4): 

(i) sfarting with higher-derivative conformal scalars in (higher-order singletons) with the action 
<p*{d^Y(p, one may construct dimension A = 3 -|- s — f partially conserved currents ]s of spin s and 

depth t (with 1 < f < s), = 0; the corresponding Verma module V(A,s) = V{3 -|- s — f,s) is 

reducible for t < s and the irreducible module isD(34-s — f,s) = V {3 + s — t, s) / V {3 + s, s — t) [34, 35]; 

(ii) the sources for these currents or the corresponding "shadow" fields are primary conformal fields of 

depth t which are totally symmetric traceless tensors of dimension A = 1 -|- f — s with the action 

/ fs} 

(iii) these are naturally associated to partially massless fields in AdS^ with the action f d^X(ps(V^ -|- ...jips 

having gauge invariance -|- (^^j, - terms); the fields (ps are dual to or have 

as boundary values. 

The minimal depth f = 1 case corresponds to conserved currents, cps as CHS fields in d = 4 and <ps as MHS 
fields in AdS^. In the maximal depth case f = s which we will be considering below <ps correspond to the CST 
fields while <ps - fo partially massless fields of maximal depfh. 

The field content of the AdS^ theory dual to singlet sector of U(N) {d^)^ scalar theory follows from the 
generalized Flato-Fronsdal theorem [16]: D(2 — £,0)0 D(2 — £,0) = ©^g D(4 + s — 2k,s), where the 

sum goes over partially massless fields of different odd depths t = 1, ...,2£ — 1. Thus in contrast to the MHS 
fields in the minimal depth case the maximal depth t = s fields (fs do not form a "closed" subset, i.e. one is to 
group together fields of different depth to get the dual AdS^ theory. 
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For example, in the CHS case n = s + — 4) and 7 = 2s — 2. The family of conformal 

operators with n = 1,2,... generalises the scalar GJMS [31] one to the s > 0 case. In the case 
of 2-derivative kinetic term (n = 1) corresponding to CST theory one has j = s — ^{d — 2). 
The larger the n, the more gauge symmetries consistent with locality of the action one may 
expect to be realisable (at least, in the flat space limit). Indeed, in the CHS case one has 
maximal gauge symmetry with rank s — 1 tensor parameter while in the n = 1 case there 
will be only dcps = gauge symmetry with scalar gauge parameter. 

Having less than maximal gauge symmetry, one will be unable to eliminate all the 
time-like field components (contributing to the action with negative sign) by a choice of 
a "unitary" gauge (n > 1 actions will be non-unitary also due to higher derivative kinetic 
term). While the standard 2-derivative Fronsdal massless (maximally gauge-invariant) 
higher spin action is unitary but not conformally invariant, the n = 1 conformally invari¬ 
ant CST action will not be unitary due to insufficient gauge symmetry. 

The n = 1 action invariant under (3.2) was found in [13] (cf. also [36] for d = 4): it is 
given by Ss = — ^ f d'^x where 

+ 3 ^ R (3-3) 

+ a; C,^pA ^ -^cszs = ^s(d = 4) . 

Here C is the Weyl tensor and a; is an arbitrary constant. 

In what follows we shall consider the d = 4 case. In this case the flat space limit of 
(3.3) is invariant under the scalar gauge transformations^^ 

^CST,S = - traces . (3.4) 

The field cps has canonical dimension 1 and thus corresponds to a (non-unitary) repre¬ 
sentation (1; |, 2 ) of SO{2,4)P This representation is unitary (A > 2 + ji -I-/2) only for 
s = 0,1. The gauge parameter a corresponds to the d = 4 conformal group representation 
(1 — s;0,0), so that (3.4) describes a "short" representation^^ 

= (l;f,|)-(l-s;0,0). (3.5) 

In d = 4 and s = 1 (3.3) gives the standard Maxwell Lagrangian. Let us discuss in detail 
the spin 2 case. 

3.2 Rank 2 case 

In d = 4 the s = 2 case of (3.3) is 

=S^’csT,2 = Va<P,. - I + 2Rp^ cpt‘P 

-lRcpP''cpp, + cvCp,p;,fPPcp^\ 

In general dimension d, the scalar gauge invariance is present in the case when the CST kinetic operator 
contains 2 -|- (d — 4) derivatives. Such conformal field (see [35,15]) is the maximal depth FT field in [16]. 

^^We use the notation (Ap/Th) where A is the scaling dimension or conformal weight and (ji,]^) are the 
511(2) weights of 50(3,1). 

^^This case should correspond to a particular degenerate module of the conformal group [35, 15, 16]. 
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For comparison, the quadratic term in the expansion of the Einstein action in generic 
background is (here gy,y + h^y, (p^y = h^y - \g^yh, h = h^) 






-2 


-I g^^h) 


1 2 


IhV^h 


+ |Rcp^‘^ (Pf^y-2q,^y^ cp^^ 


(3.7) 


The action for (3.7) has the standard (vector-parameter) gauge invariance on a R^y = 0 
background, while this is not the case for (3.6). 

We shall refer to (3.6) as conformal spin 2 Lagrangian. Let us mention some earlier 
work related to it. As is well known, in contrast to massless spin 0 and spin 1 fields, 
the spin 2 Einstein graviton does not represent a conformal theory in flat space [37] 
The SO (2,4) conformal group representation for the symmetric traceless tensor cp^iy is 
(A;;i,; 2 ) = (1;1/1). The corresponding free conformally invariant equations of motion 
[38] (see also [39,40]) 


- I - I gfiv dadp = 0 (3.8) 

follow from the flat-space Lagrangian (3.6) or (3.4) with scalar gauge invariance 


hcST ,2 ^ - 5 “ 3 g^v d^) CT- (3.9) 


cp^y corresponds to (1; 1,1) conformal group representation which is non-unitary [41], As 
already mentioned, non-unitarity is implied also by the absence of the maximal (vector- 
parameter) spin 2 gauge invariance: in fact, (3.8) describes a combination of spin 2 and 
two spin 1 massless on-shell fields with total (9 — 1)—2 = 6 physical degrees of freedom. 
Splitting 

(Ppi' = fjiv + ~ I Spy ^ (3-10) 

and accounting for the Jacobian of this transformation and the decoupling of a one finds 
that the corresponding flat-space partition function that can be written as 


ZcsT,2 — 


■(det Ao)^' 

1/2 

det Ai^ 

1/2 

r/ detAo 

- det A 2 


-det A 2 ^ 


-VdetAi^/ . 


(3.11) 


This is recognised to be a product of the standard massless spin 2 and the square of the 
massless spin 1 partition functions (cf. ( 2 . 1 )). 

A curved space generalization of the equations (3.8) was first attempted in [37], but 
there the transversality constraint (p^y = 0 was added by hand (i.e. part was 
ignored) making the theory effectively non-local or non-Lagrangian. It was pointed out 
in [37] that the coefficient io of the Weyl tensor coupling in the generalization of (3.8) is, in 
general, arbitrary, being allowed by the Weyl covariance condition. The consistent d = 4 

^®This follows, e.g., from the absence of Weyl invariance of fhe Einsfein theory. In particular, the conformal 
weights do not match: according to (3.2), the conformal spin 2 field (p^v is to have Weyl weight 1 while the 
metric itself transforms with weight 2. For all massless spins s > 2 one has scale invariance but no special 
conformal invariance. 
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Lagrangian (3.6) first appeared for a; = 0 in [20].^° Its co = —2 version was found in [43].^^ 
In its general form (with an arbitrary a;) the Lagrangian (3.6) first appeared in [13]. 

3.2.1 Scalar gauge invariance and partition function in Ricci-flat space 

An important observation made in [20] is that restricted to a conformally flat homoge¬ 
neous background (AdS 4 or S^) the Lagrangian (3.6) admits an analog of the scalar gauge 
invariance in (3.9), 

— (V^ gpiv ^ ■ (3.12) 

This curved-space generalization of the scalar gauge invariance (3.9) is an important con¬ 
sistency requirement. As we shall explain in Appendix A, this invariance generalises also 
to the Einstein-space backgrounds provided the coefficient cv in (3.6) is chosen to be 

a; = -2 , (3.13) 

i.e. is the same as in the expansion of the Einstein action (3.7) or in the Eichnerowicz 
operator.The presence of the scalar gauge invariance in a gravitational background 
indicates that one may be able to couple this conformal rank 2 tensor field to Einstein 
gravity in a consistent way (cf. [47]). 

This choice is special also for another (related) reason: in this case the differential op¬ 
erator in (3.6) factorises on an Einstein background: the spin 2 and spin 1 transverse parts 
in the curved space analog of the decomposition (3.10) decouple in the action. This makes 
the kinetic operator effectively diagonal and allows one to write the curved space gen¬ 
eralization of the partition function (3.11) in a simple form in terms of determinants of the 
standard Eichnerowicz spin s = 2,1,0 operators. 

Indeed, let us consider first the Ricci-flat background. Using the covariant version of 
the decomposition (3.10) 

(Piiv = (pjiv + V(j, + (V V ~ \ g}iv V^) O' (3-14) 

in (3.6) with R^i, = 0 and a; = —2 we get 

=^CST,2 = - I - 2 cpW cp''^ 

= + , (3.15) 

general dimension d, its Weyl invariant 2-derivative analog found in [42] lacks scalar gauge invariance 
for d > 4. 

^^The sign of the curvature in [20, 42, 43] was opposite to the conventional one we use here: Wypa = 
dplyy + .... Note also that ref.[44] contained (up to a misprint in Eq. (27)) the conformal spin 2 operator 
that is the same as in [20]. Finally, there were also attempts to define the conformally invarianf operator 
on a trace-full rank 2 tensor hpy [45, 46] which we will not consider here as we are interested in irreducible 
representations of the Lorentz group. 

^^Note that ref. [13] considered a differenf special value: co = —1 in d = 4. For fhis choice, the Lagrangian 
(3.6) may be written in a factorized form 

■^ = 3 {^f)py\, {&f)py\ = “ 3 Vy)p “ ^gpy V^fAp) ■ 

The significance of this observation is unclear, given that the absence of scalar gauge invariance in this case. 
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where Als are the Lichnerowicz operators (2.7) on Ricci flat background. As was men¬ 
tioned above, the decoupling of a (which is a manifestation of the scalar gauge invariance) 
and separation of and V^j- is the consequence of the choice of w in (3.13).^^ 

The Jacobian of the transformation in (3.14) is / = [det (det Aq)^]^^^, so we get 
the following generalization of the flat-space expression (3.11) 


ZCST,2 — 


r (detAo)^ 

1/2 

r(det Ao)^l 

LdetAL 2 ± detALi^J 


L detAL 2 J 


(3.16) 


where {AL2)pivA(i = (Ali)^i/ = -gpiv^^^ and Aq = -V^. 


3.2.2 Partition function on 


Let us now compute the partition function corresponding to the action (3.6) on confor¬ 
mally flat Einstein background, e.g., S^. Using (3.14) we find that cr decouples (mani¬ 
festing scalar gauge invariance) and the dependence cp^ and separates (we consider 
unit-radius S^, i.e. R = 12) 


=S^’csT,2(S^) = A2^(4) cp^f^^ + l Ai^(3)Ai^(-3) . (3.17) 


As in (2.10)-(2.12) here Asj^(M^) = — -|- M^, acting in transverse symmetric traceless 

tensors of rank s. Taking into account the Jacobian of the transformation (3.14) (see, e.g., 
(A. 8 ) in [7]) 

r il/2 


/ = 


detAi^(—3) detAo(—4) detAo(O) , 


(3.18) 


we end with the following partition function (generalising (3.11) in the flat-space case 
where all mass terms are zero) 


ZcST,2 — -22,0 Zifl , 
^2,0 = 


Zl ,0 — 


■ detAo(O) ■ 

1/2 

r(det Ao( 0))^1 

UetAi^(3)J 


- detAi(3) - 


‘det Ao(—4)' 

1/2 

‘detAo(—4) detAi( —!)■ 

- det A 2 ^ (4). 


detA2(4) 


(3.19) 

(3.20) 


Here Z„ are defined as in (2.10),(2.11), i.e. Zi^o is the standard Maxwell partition function 
and Z 2 ,o is the partition function corresponding to the s = 2 partially massless field [ 20 ]. 
^ 2,0 appears, together with the massless spin 2 (Einstein graviton) partition function Z 24 , 
in the Weyl graviton partition function Zchs ,2 = ’g- 2 ,\g-i,Q which is a special case of (2.32) 
(see [7]). Thus we have the following relation 


-CST,2 — 


ZcHS,2 Zi ( 


- 2,1 


(3.21) 


In Appendix B we shall also present the expression for the finite temperature partition 
function on x and discuss its interpretation in terms of counting of conformal op¬ 
erators in a spin 2 GET in corresponding to "shortened" representation with shadow 
counterpart as (3; 1,1) — (5; 0,0). 

^^The reason for this can be understood by comparing to the case of the Einstein theory (3.7) on R^v = 
0 background where the presence of the cu = —2 Lichnerowicz operator is directly related to the vector- 
parameter gauge invariance, i.e. to the decoupling of the "longitudinal" part of before gauge fixing. 
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3.2.3 Conformal anomaly coefficients and AdS/CFT interpretation 

In d = 4 the conformal anomaly coefficients a and c in 

h = ^iR*R* + ^ 2 {Rly-lR^) =-aR*R*+cC^ , ^I=c-a, ^2 = 2c, (3.22) 

can be found by doing two separate computations: (i) on conformally-flat space like 
(finding a coefficient) and (ii) on a Ricci-flat space (finding c — a coefficient). The a coeffi¬ 
cient corresponding to (3.6) thus does not depend on 00 and is readily obtained from the 
expression for the partition function in (3.19). Using that [7] 


a[A,(M2)] 

a[A^.(M2)] 


= 134(5 + 1)^) (s + 1)2 - 3M4 + 12M2 - f 


= ^(2s + 1) + 85 s 2 + 10s - 58 - 30(s2 - 1)M^ 


15M4 


(3.23) 


we get 

acsT,2 = a2,o + ai,o = % + m ~ ■ (3.24) 

At the same time, computing the conformal anomaly c coefficient for the action in (3.6) 
on a Ricci-flat background is, in general, a non-trivial problem. The reason is that the cor¬ 
responding second order operator is a non-minimal one, i.e. has "non-diagonal" highest 
derivative part (cf. [48]). This problem is, however, readily solved in the special to = —2 
case (3.13) where one finds the explicit factorized expression for the partition function 
(3.16). Using that [17, 7] 

/1i[Al,] = ^(s + 1)2[21-20(s + 1)2 + 3(s + 1)4] , (3.25) 


we find 

(/^i)cST ,2 = 50 / i-e. CCST ,2 = ^ • (3.26) 

Let us now explain how these results fit into the general expressions for the conformal 
anomaly coefficients of massive SO(2,4) representations discussed in [11]. Given a 4d 
conformal field in representation (A';;i,; 2 ) the corresponding shadow field (A;;i,; 2 ) with 
A = 4 — A' is associated (as a boundary value) to a massive higher spin in AdSs with 
mass = (A — 2)^ — s^, s = /i -|- 72 [49] (the corresponding kinetic operator for > 
72 is — -|- A(A — 4) — 271 ). A non-unitary representation field in 4d corresponds to a 

"partially massless" field in 5d. The CST field (1; 1,1) is thus related to (3; 1,1) spin 2 field 
in AdSs- In the case of (A; g, |) massive field one finds via AdSs computation [5] (as in 
[ 11 ] we use hat to distinguish a long representation from shortened one) 

a(A;f,|) = ^(s + 1)2(A-2)3(-3A2 + 12A + 5s2 + 10s-7) . (3.27) 


In the present case, accounting for the scalar gauge invariance, we should get (see (3.5); 
here A' = 1 for the rank 2 field and A' = — 1 for the scalar gauge parameter field) 

acsT,2 = a(3;l,l) -a(5;0,0) = | . (3.28) 


This is indeed in agreement with direct computation in (3.24). 
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The expression for /3i = c — a coefficient for a conformal field associated to a repre¬ 
sentation (A; 2) field in AdSs suggested in [11] was 


^l(A; 2/ 2 ) ~ 720 

Then using also (3.28) we get 


3(A - 2)4 - 5(s 2 + 2s - 3) (A - 2)^ + Ss^ + 25^ - 12s - 8 

(3.29; 


ccsT,2 = c(3;l,l) -c(5;0,0) 


143 
60 ' 


(3.30) 


in agreement with (3.26). The equivalent result is found from the expression for pro¬ 
posed in [50, 51] 

^;(A; i, I) = ^(s + 1)2 (a - 2) (1 + ls(s + 2) [3s(s + 2) - 14]) , (3.31) 

i.e. the present s = 2 case does not distinguish between the two expressions for j6i or c 
discussed in [11]. 


3.3 General rank s case 


Let us now consider the general s case with d = 4 Lagrangian >Ccst,s in (3.3). It turns out 
that for s > 2 the flat space scalar gauge invariance in (3.4) survives in curved space action 
(3.3) only in the conformally-flat case C^,i,Ap = 0/^^ i-e. in contrast to the s < 2 cases it is 
absent in the Ricci flat background for any value of 

Also, the Weyl-covariant differential operator in (3.3) does not factorize, i.e. is non- 
minimal (has non-diagonal highest-derivative part in the transverse decomposition like 
(3.10)) unless the space is conformally flat. That makes it hard to compute the correspond¬ 
ing conformal anomaly c-coefficient. 

Starting with the flat space case, the partition function corresponding to (3.4) is (cf. 
(2.1),(2.19) 


ZcST,s 


r(detAo)"+4. 

1/2 s 

- FT 

‘ detAo 

1/2 

det As 

i i 

Jc=l 

-det AjtA 



(ZoY 


(3.32) 


where the corresponding number of dynamical degrees of freedom is 


Vs — Ns — (s -|- 1) 


(2s+rf-2)(s+d-3)! 

(rf-2)!s! 


— S — 


1 




= s{s -6 1) . 


(3.33) 


^^Scalar gauge invariance is expected on a four dimensional conformally flat background as it is present 
in flat space and the action in curved background is Weyl invariant (for a related observation for partially 
massless fields in dS space see [52]). 

^^One may draw an analogy with the standard massless spin s field with 3^ Lagrangian. In flat space 
one has maximal gauge invariance with spin s — 1 parameter. This gauge invariance generalises to curved 
space in the case of conformally-flat homogeneous background. However, massless spin s > 2 quadratic 
actions do not admit consistent gauge-invariant generalizations to Ricci flat backgrounds. This is repaired in 
Fradkin-VasiUev type theory where one adds all spins together and cancels variation under gauge invariance 
by variation of graviton and other spins. No such consistent interacting theory is known in the present second 
derivative conformal higher spin case (3.3), but one may conjecture that it may exist. 
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Thus the number of degrees of freedom of CST field happens to be the same as for CHS 
field of the same spin (2.22) and thus the corresponding flat-space partition functions 
match. As a result, 

(ZcST)tot = n^cST^s = 1 / (3.34) 

S = 1 

assuming one uses the same regularization as in (2.23). 

Counting conformal gauge-invariant operators corresponding to the theory (3.4) one 
should be able to find the corresponding one-particle partition function generalising the 
s = 2 expression in (C.6). The same result should follow from the computation of the 
partition function on conformally-flat x background. The s > 2 generalization of 
(C.l) has the structure 




il/2 


]s-k+l 


= exp 


I- 00 1 

E -^CST,s (<?’") 


m=l 


(3.35) 


where cj = and A/c± are defined on 3d tensors appearing in decomposition of cps- 
Using the explicit spectra (and omitting zero modes for fields appearing in transverse 
decompositions as in [10]) leads to the following one-particle partition function 


s s—fc+l oo 

Zcst.M = L E E 2(« + 1)(« + 2(: + 1),"+-^'+3 

k—1 r=l n—r—1 

_ - (s + 1)'^ q + s{s + 2)] _ 2q^[s{s + 2) - q - q^ - ... - q^] 

(l-q)^ ~ 

This is the sum of the contributions of spin k = 1, ...,s factors in (3.35) 


k 

— s : 

-fl+S + 1 

^ / 

n > 0; 



= s 

- 1 : 

-fl+S + l 

^ / 

n > 0, 

q^+s-i^ n > 1 

(3.37) 

= s 

-2: 

^ / 

n > 0, 

q^+s-i^ n > 1, 

^n+s- 3 , „ > 2; etc. 


The Casimir energy on can be found the j6 —> 0 expansion of the one-particle partition 
function as Z (e^^) = poles -|- constant — 2Efi + From (3.36) we get 

£cst,s = 7loS(s + l)(6s3 + 24s2 + 16s - 13) . (3.38) 


Summing this over s with the cutoff (2.23) gives, in contrast to the CHS case, a non-zero 
result (Er=iEcsT,s = ^). 

The partition function on background that generalises the low-spin expressions in 
(3.19) and (D.5) maybe written as (cf. (2.12),(2.32))^^ 


ZcST,s(S^) = / 

k=l 


Zk,0 = 


detAo(M^;^) -|i/2 


detAk 


(3.39) 


^®The "ghost" (numerator) factor here flEi 3et Ao(Mg j.), Mg j. = 2 — fc — U is very similar to the one 
appearing in the determinant of the Weyl-covariant -|- ... scalar GJMS operator [53] flEi det Ao(m^), 
where = (jd — + fc — 1)|^ ^ = 2 + fc — U = Mg^j. 
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Mlo = 2 + k, 


Ml, = 2-k-k\ 


The corresponding logarithmic divergence coefficient or conformal anomaly a-coefficient 
can be found using (3.23) 

acsT,s= 'tUAkA2 + k)]-a[Ao{2-k-k^)]) = ^s(s + l)2(3s2 + 14s + 14) . (3.40) 

Like the sum of Casimir energies (3.38) the sum of conformal anomalies atot = acsT,s 
does not vanish in any natural regularization (in the regularization used in (2.23) one gets 
atot = “^)- There is, of course, no a priori reason why one needs to sum over all ranks 
s here: in the MHS and CHS cases this summation was implied, in particular, by the 
AdS/CFT duality and a relation to conserved currents of the boundary theory, but this 
cormection is absent here. 

Since the CST field corresponds to the SO (2,4) representation (3.5), it can be asso¬ 
ciated to a particular field in AdSs for the corresponding combination of shadow repre¬ 
sentations, (3; |, |) — (3 -|- s;0,0). This "maximal depth" conformal field has scalar gauge 
invariance, i.e. can be interpreted as corresponding to "maximal-depth" partially mass¬ 
less field in AdS^ [16]. In general, the one-particle partition function of 4d CFT can then 
be written in terms of AdSs partition functions or conformal characters as (see [10, 11]) 

ZcsT,s(^) = 2-iq) - Z+{q) = Z+{q-^) - Z+{q) + a{q) , (3.41) 

Z+{q) = Z+(3; |, |) - Z+(s + 3; 0,0) = ^ • (3-42) 

Z+(A;/i,; 2) = (2/1 -h 1)(2/2 -|- l)^yz^ is the character of a massive (long) conformal 
group representation {A;ji,j 2 ). cr(q) is a "correction term" which is expected in the pres¬ 
ence of gauge symmetry (scalar gauge invariance here); it is even mq —)■ 1/q and absorbs 
poles in the naive combination Z^ (^? ^) — Z+ (q). The minimal choice 

= 5s(s + 1)(s + 2) + i"^n(n + l)(n + 2)(i?"^® + i/"-") (3.43) 

n—1 

leads to Zcst,s(^) in (3.36). 

In the case of background the expression for the a-anomaly coefficient can be com¬ 
puted using the AdSs relation as in [5, 11], i.e. using (3.27) and generalising (3.28) 

acsT,s = a(3; |, f) - a(3 + s;0,0) = ^s(s + l)2(3s2 + 14s + 14) . (3.44) 

This agrees with the result of the direct computation in d = 4 in (3.40). 

As for the c-anomaly coefficient, its computation directly from the action (3.3) with 
s > 2 on Ricci-flat background is problematic for two reasons: (i) the lack of scalar gauge 
invariance making the resulting partition function scalar gauge dependent; (ii) the non- 
minimal nature (lack of factorization) of the corresponding second order differential oper¬ 
ator requiring to use more complicated methods (cf. [48]) than the standard algorithm for 
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the &4 Seeley coefficient. If one ignores these problems one may formally generalize the 
known s = 1 and s = 2 expressions (3.16) to the s > 2 Ricci flat case in the way directly 
analogous to the flat space case (3.32) (cf. also (2.8) and (2.27)) 


ZcST,s = 


(detAo)^+^li/2 


det A 


Ls 


(3.45) 


Then (3.25) implies that the corresponding = c — a is given by 


(j6i)cst,s = )6i[Al.] - (s + l)j6i[Ao] = ^s(s + l){3s^ + + lOs^ - 30s - 24), (3.46) 

generalising (3.26).^^ 

We may compare (3.46) with prediction based on dual AdSs description. If one uses 
the expression (3.31) of [50, 51] one gets 


(i6i)cst,s ^^'i(3;f.|)-|6'i(3 + s;0,0) - A_s(s + l)(3s4 + 15s3 + lOs^ - 30s - 24), (3.47) 


i.e. the same result as in (3.46). At the same time, the expression for j6i = c — a for 
representation (A; |, |) suggested in [11] leads to a different value: 

ih)cST,s = (i6l)cST,s-ff)^ Ct') = 7fe(s-2)(s-l)s(s + l)(s+2)(s + 3). (3.48) 


The two results agree for s = 0,1,2 but disagree by an integer for s > 2. 

It is interesting to note that a similar conclusion is reached in the conformal higher 
spin case. Like (3.45) the factorized expression (2.27) for the CHS partition function on 
a generic Ricci-flat background is not justified for s > 2.^® Still, starting with (2.27) and 
applying (3.31) to the computation of (/3 i)chs,s one gets the same expression as in (2.29); 
at the same time, |, |) or (3.27) suggested in [11] gives the result differing by the 
same integer as in (3.48)^^ 

(^l)cHS,s ^ (i6l)cHS,s “ (*6^) • (3-49) 

The significance of this observation is not clear at the moment.^'^ 

22As in the case of the Casimir energy and a-anomaly, summing (3.47) over s does not give vanishing result 
in any reasonable regularization. 

2®One may conjecture that it may still apply to the computation of the /3i anomaly coefficient. For example, 
terms that obstruct factorization may depend only on derivatives of the curvature and thus do not contribute 
to^i. 

29Note that 1 Ct^) ^ = 0, so both expressions for fii are consistent with the vanishing of the 

I fin 

sum of Cs over s (see remark below (2.29)). 

^‘^Let us add also that analogous conclusion applies to the scalar GJMS operator discussed in appendix 
A.l. For example, in d = 4 the corresponding value of the a-coefficient that follows from (A.1),(A.17) is 
a, = — 7^A(3r2 — 5), in agreement with the AdSs expectation (3.27) for the representation (2 -F r;0,0) (the 
scalar field has dimension 2 —r). The form of this operator on Ricci-flat background is not known explicitly for 
r > 4 (cf. [54-58]). The r = 3 operator is singular in d = 4 (the singular term is proportional to Bach tensor). 
Assuming that GJMS operator in d = 4 extended to any r (i.e. beyond the "critical" order = J^) factorises 
on Ricci-flat background becoming (V^)*', the corresponding /Ij coefficient is readily found to be r times the 
standard scalar one, i.e. /3( = jggr. This is the same result that follows from (3.31) for the representation 
(2 + r;0,0). At the same time, from (3.31) we get /ij = ^r(—3r^ + ISA — 8). Thus here /3i = /Ij — 
which is similar to (3.48) and (3.49). 
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A Relation between partion functions on and on AdS^ 


The aim of this Appendix is to consider in detail the relation (2.30) by computing the 
determinants involved. As discussed in sections 2.1.3, 2.2.3 one should carefully correlate 
the UV regularization in 4d and IR regularization in 5d. We shall follow the approach 
of [14] where dimensional regularisation 4 —> d = 4 — e was used in demonstrating a 
similar relation in spin 0 case, e —> 0 plays the role of a common IR/UV regulator on the 
AdS/GET sides. This allows a careful separation between the divergent pole terms ~ \ 
and finite remainder, accounting, in particular, for the IR finite terms in the AdS^ partition 
function ignored in direct zeta-function regularization in [8]. Matching the finite terms 
turns out to be quite subtle. We will first illustrate this on the example of the partition 
function of GJMS operators on extending the analysis of [14, 30]. We shall then turn to 
the more complicated but structurally similar case of the GHS fields on related to MHS 
fields on AdS^. 


A.l Matching partition function of GJMS operators on and ratio of scalar partition 
functions on AdSs 

GJMS operators [53] are the unique Wey 1-covariant V^'" -|-... operators in d dimensions 
defined on scalars. In d = 4 the r = 1 case is familiar — -|- gR and the r = 2 operator 

-|- ... was constructed in [59, 60]. Their general properties are discussed in [54-58]. On 
an Einstein space background, they factorize into a product of r scalar 2nd-order operators 

A/ 9 N 


Using that on a unit sphere S‘^ (with R — d(d — 1)) the eigenvalues and multiplicities of 

— -|- are 


A„ = n{n + d — 1) + , 


_ {2n + d-l)T{n + d-l) 
“ E(d)E(n + l) 


(A.2) 


we get explicitly^^ 


~ M + 2n-l)E(d + n-l) , rA. , d 
lndrt»(20 = E^^-- In + 




As discussed in [14], in dimensional regularisation one has a useful relation I]^=o dn = 0 allowing to 
drop constants under the logarithm of egenvalues. 
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From (A.3), it is clear that the critical order r = Vc = ^ is special: (i) for r < rc all eigen¬ 
values are positive; (ii) for r = Tc there is one zero mode; (iii) for r > Tc there are zero and 
negative eigenvalues (see also [61]). 

GJMS theory may be viewed as an induced conformal theory on S‘^ boundary of 
AdSd+i corresponding to a standard 2nd-derivative scalar in AdS^+i and the analogue 
of (2.30) reads^^ 


7 (qd\ _ ^0 

^ - Z+(AdS.+,) ' 


Z(2r) = 


where is the partition function of a massive scalar operator in AdSd+i with = 


det: 


''(Ir 


)) 


- 1/2 


Zo = (detAo) 


-1/2 


Ao = -V 


■ m 


(A.4) 

(A.5) 


A{A — d) = i.e. with the associated operators having dimensions A_|_ = | + r and 

We may now follow the procedure in [14] to evaluate (A.3) by first using that 


A_ ^ 4 _ 33 


n(n + /c+^-l)(n-/c + ^) 

k^l ^ ^ 


r(n + 4+r) 
r(n + I - r) ' 


(A.6) 


and also replacing r by A = A_|_ = ^ + r (we shall use the notation %r) ^ ^(A)). 
Formally treating A as a continuous variable, (A.3) becomes 


In det ^(A) = 


00 


L 

n=0 


{d+ 2n — l)T{d + n 
F(d)F(n + l) 


1), r(n + A) 

F(n + d-A) ■ 


(A.7) 


It is convenient to first take derivative of (A.7) with respect to A, do the sum and then in¬ 
tegrate over A, fixing the integration constant by demanding that the result should vanish 
at r = 0 or A = 2 when the GJMS operator becomes trivial. The sum 


9 


In det ^(A) = 


00 


E 

n=0 


{d + 2n-l)T{d + n 
F(d)F(n + l) 



tp{n -|- A) -|- tp{n + d — A) 


(A.8) 


was already computed in [14]: 


9 


In det ^(A) = 


r( 


4) T{d - 1) (d - 2A)F(A)F(d - A) sin [f (d - 2A)] 
2V^r(d-l)F(4^) 


(A.9) 


32ln this Appendix we add hats to Laplacian operators not to confuse them with dimension parameter A. 
^^Let us note that [14] considered the case of a generic massive AdS^+i scalar with non-integer r = 

\J^ when the associated induced boundary theory is non-local: the kinetic operator is inverse of 
K{x,x') =< }[x)}{x') >= [s{x,x')]^^^- where s{x,x') is the geodesic distance on (conformally) flat space. 
Then the l.h.s. of (A.4) is replaced by the partition function of the corresponding non-local operator which 
may be interpreted in terms of a double trace deformation of CFT corresponding to the change of boimdary 
conditions for the dual AdS^+i theory [62, 63]. For an integer r the non-local kinetic operator [s(x,x')]^^^+ 
has the leading singular being the local GJMS operator acting on a delta-function (see also [30, 7]); thus the 
inverse of the determinant of K{x,x') is effectively replaced by the determinant of the local conformally- 
covariant GJMS operator as in (A.4). 
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Let us now turn to the AdS^^i side. Here one can express the derivative of the r.h.s. of 
(A.4) over the scalar mass or A in terms of an integral of the trace of the corresponding 
difference of the scalar bulk-to-bulk propagators [14], In general, for any spin s > 

0 one can utilise the expression in eq.(71) of [64] for the mass^ derivative of the difference 
of the logarithms of the partition functions (or, equivalently, the difference of the bulk- 
to-bulk propagators) for the spin s symmetric transverse traceless field in AdS/i^i with 
the kinetic operator (cf. (2.12)) Ag^ = —-|- m^, = A(A — d) — s corresponding 

to the standard (+) and alternative (-) boundary conditions (or dimensions A+ = A and 
A_ = d - A)34 


a det_A,^_^. , (2s + d-2)(A-f)r(s + d-2) 

9A det+A,^ ^ ^ r(d-i)r(s + i) 

(A + s-l)(A-s-d + l)r(A-l)r(d-l-A)sin[f(d-2A)] ^ ’ 

In (A.10) we separated the factor of the dimensionally regularised volume of AdS^^i (cf. 
(2.15)) 

yd+i-7r2r(-^). (A.ii) 

Comparing (A.9) with the s = 0 case of (A.10), we find 


a 


Indet^(A) = 


a , det- An 

^ In-^ , 

aA det+ Aq 


(A.12) 


which is indeed in agreement with (A.4). 

Expanding around d = A, i.e. setting d = A — e with e —> 0, one can check that the 
relation (A.12) holds for both the pole term and the finite remainder. The expansion of 
(A.9) is 


^ 1 

— Indet^(A) = -P(A)+F(A) + C>(£), 

P(A) = -1(A-3)(A-2)2(A-1), 

F(A) = A(A-2)(A-1)[i2(A-3)(A-2)7e + (107-25A)A 
- 67 r(A - 3)(A - 2) cot( 7 rA) + 12(A - 3)(A - 2)t/;(°)(3 - A) - 108 


(A.13) 


Let us now integrate (A.12) in the interval f < A <i+r. The integral of the pole is 

^ r^''dAP(A) =-Ar3(3r2-5)^ + Ar2(r2-i) + C>(e). (A.14) 

£ t/ 2 £ 

Here the coefficient of the singular part is in agreement (after taking into account normal¬ 
izations) with the conformal anomaly coefficient a,- = (3^2 — 5) for the GJMS field 

that can be computed directly from the Seeley coefficients B 4 for the operators in (A.l). 

3^More precisely, eq.(71) of [64] gives ; 4=^ = [4(A — H Note that here = 

M^cr = —M^ in the notation in (2.10),(2.12). 
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The full finite part of Indet^(A) is the sum of the second term in (A.14) and the 
integral of the second term F(A) in (A.13) (here we may set d = A, i.e. A = 2 + r) 

rA 

X(A) = y dA'F(A'), A = 2 + r. (A.15) 

The function X(A) has poles at A =4,5,6, _These poles are associated with the previ¬ 

ously mentioned zero eigenvalues appearing in (A.3) for r > Tc = The poles of X(A) 
inside the interval (2,2 -|- r) can be evaluated by taking the principal part of the integral. 
The rightmost pole will give a singular term ~ In [A — (2 -|- r)]. As a result, we find for 
d ^ 4, A 2 -6 r: 


Indet^(A) = (^ - 7 e)p(A) +F(A) + 0(e) , 

P(2 + r)=8a,. = -^r3 (dr^ - 5), 

F{2 + r-3) = ilnA-|r(-3) + i(r2-l)r2lnr(r) 


( 5^0 


+ l{r- 2r3) i/;(-2) (i _ r) - ^ (r^ - l) ^(3) + (^ - 2r2) xp(-^) (1 - r) 
+ — r^) ln(27r) — (1 — r) — (1 — r) 


+ 


2160 


- ISOr^ + 45r4 + 130r3 - 90r^ - 22) + A (r^ - l)r2 In^i + 0{S ), 


(A.16) 

(A.17) 


(A.18) 


where A is the Glaisher constant, i.e. In A = — ^^'(2) + ^ ln(27r) -|- As anticipated, 
the last term in (A.18) is due to the zero modes appearing in the original expression (A.3) 
when r > Tc = 2 in d = A. The prefactor of In^ is indeed the sum of the associated 
multiplicities. When the zero modes are projected out and thus In^ terms are omitted, 
(A.18) is given by a finite expression containing various transcendental constants and 
logarithms of integers. The expressions for the polylogarithms in (A.18) can be put in 
a more explicit form so that we find after dropping the In 3 terms 


F(2 + r) = ir(2r2- l)lnA- |r^'(-3) - ^r(60r2-3l) + £,, (A.19) 


where £r is a sum of logarithms of integers which general dependence on r we did not 
find.^^ 


A.2 Matching CHS partition function on and ratio of MHS partition functions on 

AdS^ 


Let us now repeat the above discussion of the scalar case for the s > 0 CHS theory on 
to demonstrate the relation (2.30) to MHS partition function on AdSs. Once again, one 

addition, X(A) contains imaginary terms (multiples of n) that are related to negative eigenvalues in 
(A.3) appearing for r > Tc (note also that for r > Tc = j one has A_ = j — r < 0). In the following, we shall 
formally omit these imaginary contributions that appear on both sides of (A.4). 

^^ExpUcitly, for low values of r = 1,..., 5 we get £ 1 , 2,3 = 0, £4 = 2 In 2, £5 = 2 In 3 + 12 In 2, i.e. 


F(3) 

F(6) 


lnA_2 2^ 

3 3^ ^ ^ 720 


F(4) = - ^^'(-3) - ^ , F(5) = 171n A - 2^'(-3) - ^ , 

w 3 3 ^ 360 ^ ^ ^ ^ ^ 240 


1241nA 8,,, 929 „ 

^-3^(-3)-I^+21n2, 


2451nA 10,,,, 1469 „ 

F(7) = ^- y^'(-3)-—+21n3 + 121n2. 
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should use the dimensional regularization that provides UV regularization on the CHS 
boundary side and IR regularization on the MHS bulk side at the same time. The match¬ 
ing of the logarithmically divergent parts was already demonstrated in [5, 7]. The use of 
dimensional regularization is essential on AdSs side as otherwise one misses the crucial 
finite part of InZ^HS that is always present in InZcHS- Below we shall limit our analy¬ 
sis to matching the most transcendental parts of the finite contributions to the partition 
functions on the two sides of (2.30), i.e. the terms proportional to In A and in 

(A.19). 

The starting point on the CHS side should be the d = 4—>d = 4 — e generalization 
(cf. (2.24)) of the partition function (2.32) on S^. As we will be interested only in the most 
transcendental finite part of 

G, =-lnZcHS,s(S^), (A.20) 

we may ignore the analog of the d — A power factor in (2.24) (it will contribute only to 
rational finite terms) and start directly with (2.32) in d = 4 introducing some fiducial UV 
cutoff (the most transcendental terms in (A.20) should not depend on its choice, cf. [30]). 
Using the known spectra of As± operators on (see, e.g., [65]) we find from (2.32) 

A-s-2 s-1 

Gs= E (A.21) 

n k=0 

Qs{n,k) = ^{n + l){2s + l){n + 2s + 2){2n + 2s + 3)\n [{n - k + s + l){n + k + s -F2)] 

- ^{n + l)i2k + l){n + 2k + 2){2n + 2k + 3)^:1 [{n + k - s + l)in + k + s + 2)] 

Here we introduced a sharp UV cutoff N for the sum over n and did not specify the 
starting values of n in the sum, which should be different for various terms being related 
to projection of zero modes: these shifts will not be relevant for the calculation of the most 
trancendental terms in Gg. We made a particular choice of the upper limit as A — s — 2 
to reproduce the already known (from proper time cutoff computation [7]) value of the 
a-coefficient (2.33) of the logarithmic divergence. 

For example, in the s = 1 case we obtain from (A.21) 

Gi = AA4(41nA-l) + ^A^ln A - AA2(601n A - 17) + iA(lnA-l) + §lnA 

- ^InA- |^'(-3) - ^ - |ln3-51n2 + C>(A-i), (A.22) 

where A is Glaisher constant. Gs turns out to have a similar structure also for s > 1, i.e. 
one finds 

Gs = As (A) -|- 4as In A -|- Fs T Cl (A ^), as = (s -|- 1)^(14s^ -|- 14s -|- 3), 

Fs = — gs(s-|-l) (5s^ -|-5s-|-l) In A — gs(s-|-l)^^(—3)-|-... , (A.23) 

where As (A) denote all divergent terms with positive powers of A and as is the same 
conformal anomaly coefficient as in (2.33)^^ and dots stand for rational numbers plus log¬ 
arithms of integers. 

recall normalizations (see, e.g., [65]), InZ = B^^lnL + ... where L is a UV cutoff and B 4 = 
J = “4a- where as in (3.22) we have 64 = —aR*R* -|- cU. 
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Let us now turn to the AdSs side. Each of the MHS partition functions in the r.h.s. 
of (2.30) is given by the ratio of the physical and ghost determinants as in (2.12) with the 
operators and having the "mass" terms = A{A — d) — s corresponding to 

dimensions A = A+ = d + s — 2 and d + s — 1 respectively. Using the key relation (A.10) 
and integrating over A we can first find the pole parts in the limit d = 4 — e —)■ 4:^® 


Defining 


In 

In 


det- A 
det+ A 
det- A 
det+ A 


S ^ 


A— d-\~s —2 


s-l± 


s-l± 


A— d-{~s- 


= ^s3(s + 1)2(2s2 + 10s + 5)^ + ... 
J + l)^(2s^ - 6s - 3)- + ... 


Gs 


In 


7 

^MHS.s 

z+ 

^MHS.s 


1 

2 


^ det-Agj^ 
det+ Ag^ 


A— d-\~s —2 


In 


det- A 


S —1 - 


det+ Ag- 


S —1 . 


A— d-\~s —1 


(A.24) 

(A.25) 


(A.26) 


and comparing to (A.20),(A.23) we check that the logarithmically divergent terms in the 
l.h.s. and r.h.s. parts of (2.30) match (cf. (A.12)) 


A),„a=(G.)i. (A.27) 

The finite part of Gs can be computed by integrating the finite part of (A.10), separately 
for the physical and the ghost contributions. As in the spin zero case discussed in the 
previous subsection, there are poles along the integration interval that should be related 
to the zero modes on the CHS side, i.e. to the zero eigenvalue contributions in (A.21) that 
should be projected out. The treatment of these poles is completely analogous to the one 
in the scalar case discussed below (A.15). We find 


1 f In - In ^ 

^ det-|-Ag A—rf+s—2—(5 det-|-Ag_]^^ A=rf+s—i—(5/fin 

= —g (4s^ + 6s^ — l) In A — ^s^(s + l)^(2s + 1) In [r(s)r(s + 1)] 

- ^s2(s + 1)2 (14 s 2 + 14s + 3) 7 e + + 5s^ + Is^ - 2s - 1) ln(27r) 

- i(2s + l)r(-3) + ^(2s + 1)^(3) + 2s2t/;(-5)(-s) + Zs^js + 1 

.2 I I , 1 1 1^3/'^„2 


I (5s 2 + 12s 

1 
6 
1 


+ 

- I 
+ 


-6)s^tp^ ^\—s) 


+ 


+ 


+ 2s‘^{s+ 

, ^ ^ V I i8o(s + 1)^ (2s2 — 6s — 3) s2t/)(°)(s + 1) 

+ 8s^ — 4s — l) — s) — (s + l)2s^ (2 s 2 + 10s + 5) (s + 2) 

g (s^ + 5s2 + 6s + 2) s2t/;G2) (^_gj _|_ i j'—gS _|_ 4g3 _j_ 4g2 _|_ ^(-2) ("j _ g^ 

2s(s + l)2j/j(^4) (1 — s) — 2(s + l)2t/)G5) _ g) 

1 ,(1204s6+2478s5 + 1035s'^ /.-ir,„2 on. nn^ 1 .2/. , -.i2/n. 


(A.28) 


One can check that the coefficient of In S term is indeed the sum of multiplicities of the 
zero eigenvalues. 

An alternative computation of these IR singular terms in these AdS^ partition functions was first done in 
[5]. 
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Dropping ln<5-terms, i.e. concentrating on the remaining finite contribution analo¬ 
gous to (A. 19), its most transcendental part can be put into the following simple form^^ 


(Gs)fin = -g^?slnA - lvsC{-^) + -- - , 
qs = s(s -h l)(5s^ -F5s + l) = Vs(5i/s + 1) / Vs ^ s{s + 1), 


(A.29) 

(A.30) 


where dots stand again for a rational contribution plus a string of logarithms of primes 
plus a 7 e term that may be combined with the ^ pole term as in (A. 16). Comparing with 
(A.23), we conclude that the most transcendental terms in finite parts of Gs (A.20) and Gs 
(A.26) match, i.e. in addition to (A.27) we get 


(‘^s)lnA, ^'(-3) (^OlnA, ^'(-3) ■ (A.31) 

This provides a non-trivial confirmation of the relation (2.30). 

Finally, let us sum over all spins to provide a check of the (ZcHs)tot = 1 relation 
(2.31) using the same summation prescription (2.23) that implies the vanishing of the total 
number of dynamical degrees of freedom of the CHS theory and the total value of the 
conformal anomaly coefficient a in (2.33),(A.23) [5,8] 


Hot — y~', ‘"s 

s=0 


y g-e(s+J) 


ou 

= 0, atot = 


fin. 


s=0 


fin. 


= 0 . 


(A.32) 


We observe that the same is true also for the sum of qs coefficients in (A.30)'^*^ 

= 0 . 


'Itot ^Yj^se 


s=0 


fin. 


(A.33) 


This implies the vanishing not only of the UV singular part but also of the most transcen¬ 
dental finite part of ln(ZcHs)tot/ i-e. of (A.29) summed over all spins. 


B Conditions for scalar gauge invariance of conformal symmetric rank 2 ten¬ 
sor in curved background 

Let us consider the variation of the Lagrangian (3.6) under the transformation (3.12). In¬ 
tegrating by parts in the linear in cr terms (moving covariant derivatives from a to the 
background and cppiy) the condition for invariance may be written as 

- - 6VyV^VpVP(pf^^ + llfP^VyVpR/ 

+ SVyVpVPVpcpP'' + 12VpcpP^'VpRyP + URP^'VpVyfpP - 3RP^VpVP(Ppy 

- SfP'^VpVPRpy - 2VpVPVyVp(pP^ + 12V^R;,pVP/" - eVpRpyVPcpP'' 

+ 6a;((p?'"V aV^C// + C^^.a+ 2VaC^p/VV''‘') - 0. 

^^Notice that like in (A.19) the coefficient of ^ (—3) happens to be proportional to the number of dynamical 
degrees of freedom. 

^^Explicitly, + l)(5s^ -|- 5s -|- l)e^®(®+!) = ™ + ifc + G(e). More generally, 

I = 0 for Vs = s(s -|- 1) and any integer n. 
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Commuting the covariant derivatives in the V^cp terms we find that they cancel against 
the terms. The remaining V^cp terms take the form 

iRV^V^cpt^^ _ 4]^f''^V.Vp<p/ + Rf^^VpVP<p^y + 2(2 + . (B.2) 

Since cp^y is symmetric traceless this gives the condition K^yp^ = Rpvpx — \gpv R^^apX = 0/ 
where 

^yivpX = SpA^^piv — ligvpRp A + Slip^vx) + \ {gpp gvA + gpXgvp)R 

+ (2 + o;) {Cppyx + Cypp a) = 0 . 

Then the contraction gPPKpypg- = 0 gives the requirement that the background should be 


Einstein 

Rpv = iRgpv ■ (B.4) 

Using this in (B.3) and Kpypa = 0 gives further constraint 

{2 + oj)Cp(^py)x = 0 . (B.5) 

If 2 + a; 7 ^ 0 then Cp^^^y-^;^ = 0 combined with the first Bianchi identity Cp^ypx\ = Cpypx + 
CppAv + Cp\yp = 0, implies that Cpyp\ = 0, i.e. the space should be conformally flat. The 
alternative is to assume that 

a; = -2 . (B.6) 

Then the remaining part of the variation (B.l) gives the condition xC^^y'^p = 0 , i.e. 


V xC^pvp — 0- This is automatically satisfied as a consequence of the the Einstein condition 
(B.4) and the second Bianchi identity V [xRpy]ap = 0- 

In conclusion, the Lagrangian (3.6) admits the invariance (3.12) if the background is 
Einstein and is also conformally flat or it is generic but then co is to be fixed as in (B.6). 

A similar analysis for s > 2 implies that imposing the Einstein condition (B.4) is not 
enough to ensure the scalar gauge invariance of (3.3) for any value of co unless the space 
is also conformally flat. 


C Partition function of conformal symmetric rank 2 tensor on Six S3 


Starting with the rank 2 tensor Lagrangian (3.6) on conformally-flat x space and 
performing 1+3 decomposition cppy = {cpij, cpoi, cpoo), (pij = (pip + + • • • °4re can 

represent the resulting partition function as (cf. (3.16)) 


ZcST,2 — 


1 


1/2 


- det A 2 ^ det^ Ai ^ det Ai ^ - 


(C.l) 


where A„ operators act on 3d n-tensors. We consider unit-radius and of length j}. 
Here A 2 ^ = — -|- 3 = — 9q — -|- 3 and the two vector operators acting on 1/-^ and cpoi 
have similar form as in Maxwell theory (cf. [10]). The spectrum of the rank 2 operator is 
found to be 


, ,2Tik.j 

^k,n — + 




wl = (n -6 2) (n -6 4) - 2 -6 3 = (n + 3)^ 


(C.2) 
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As a result, lnZcsT ,2 = where q = e ^ and the one-particle partition 

function Z{q) is 

CO CO CO 

Z(^) = X] 2 (n + 1) (n + 5)^?”+3 + X] 2 (n + 1) (n + + X] 2 (n + 1) (n + 3)^?”+3 

w=0 ji=l n=0 

'--" '--" '-s/-' 

vij ‘PO' 

_ 2(8^2 _ 9^3+ ^5) 

(1-^)4 • 

Here the contribution starts atn — 1 because, as in [10], the 6 zero modes of this vector 
drop out. 

The same expression can be found by counting the conformal operators in flat space 
R4 (cf. [66,10]). The flat-space equations (3.8) may be written in terms of a field strength 
invariant under the scalar gauge transformations [67] 


H^vp — — 0. (C.4) 

The number of independent components of dimension 2 field Hpyp is 6 x 4 — 4 — 4 = 16. 
The equations of motion together with "Bianchi" identities then take the form 

a^H^M=0, af'H,(,p)=0, Hpyp = \epy,f>,H^%, H,/= 0, (C.5) 


which are symmetric under H H. An explicit count of all gauge invariant operators 
3...9H modulo equations of motion and identities gives^^ 


^CST,2('?) 


2qH8-q-q^) 

(1-^)3 


(C.6) 


which is equivalent to (C.3). 


D Partition function of conformal symmetric rank 3 tensor on 


The Lagrangian (3.3) for s = 3 on unit-radius background is 


^CST,3(S^) = ^Xfpvp - lVp<pP^P VVf<vA + 5 cpP'^Pcppyp. 


Decomposing cppyp as^^ 


(D.l) 


(ppvp -(Ppyp + '^{pKp) + V(^Vi/Vp)(r 

- ISipy^p] - lg(pv^%-g(pv^p)‘^-lS{py^p}^^<^' 

we get 


(D.2) 


^CST,3 =cpj,ypA3^{5)cp^^‘^P + I hj,yA2A-8) A2a(4) 

+ 4y^^Al^(-9)Al^(-3)Al^(3)y^^ 


(D.3) 


41 Note that Zcst ,2 = Z 2 + Zi where Z\ =■ and Z 2 = Here Zs = ^ where Ms is 

the number of physical off-shell d.o.f. (number of components minus gauge parameters). 
i^Note that the scalar curvature here K = 12. 
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where a decouples due to scalar gauge invariance. Here A(M^) = — as in (2.10). 

The Jacobian of transformation (D.2) can be found from 


/ d^x^cp^'^Pcpf^vp = f d^x^g (p^ypCp^P^P + I h^^A2±{-8) 

+ ^y^^Ai^(-9)Ai^(-3)y^?' + ic7Ao(0) Ao(-4) Ao(-10)n 


The resulting partition function is thus (cf. (3.19),(3.20)) 


ZcST,3 — 


det Ao(0) det Ao(—4) detAo(— 10 ) 11/2 
det As^ (5) det A 2 ± (4) det Ai^ (3) . 


(D.4) 


(D.5) 
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